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GENERALIZED GEOMETRY, T-DUALITY, AND RENORMALIZATION
GROUP FLOW
JEFFREY STREETS
Abstract. We interpret the physical B-field renormalization group flow in the language
of Courant algebroids, clarifying the sense in which this flow is the natural “Ricci flow” for
generalized geometry. Next we show that the B-field renormalization group flow preserves
T-duality in a natural sense. As corollaries we obtain new long time existence results for
the B-field renormalization group flow.
1. Introduction
Let (Mn, g) be a Riemannian manifold and let H0 ∈ Λ
3(T ∗M), dH0 = 0. Given this setup
and b ∈ Λ2(M) we set H = H0 + db. The B-field renormalization group flow is the system
of equations
∂
∂t
gij = − 2Rcij +
1
2
HipqH
pq
j ,
∂
∂t
b = − d∗gH.
(1.1)
The physical interpretation of H is, in analogy with Yang-Mills theory, as a generalized
magnetic field strength. With background fields g and H one can define an energy for
string worldsheets in this target geometry, and equation (1.1) arises by imposing cutoff
independence for the associated quantum field theory at one-loop. These ideas began in the
work of Friedan et. al. ([6], [8], [9], [10]). For the sequel we require a gauge-fixed version of
this flow. In particular, given the above setup and a one-parameter family of functions ft,
consider
∂
∂t
gij = − 2Rcij +
1
2
HipqH
pq
j + (L∇fg)ij,
∂
∂t
b = − d∗gH + i∇f H.
(1.2)
The first purpose of this paper is to give equation (1.1) a natural interpretation in terms
of generalized geometry. This subject was initiated in the work of Hitchin [16], and later
developed in the thesis of Gualtieri [12]. Partly inspired by physical ideas, generalized
geometry treats not just the tangent bundle, but a twisted Courant algebroid E modeled on
T ⊕ T ∗, as the fundamental object associated to a smooth manifold. With this philosophy
one is lead to the definition of a generalized metricG (cf. §2.2), which naturally incorporates
a standard Riemannian metric g and a two-form b. Likewise, associated to G there are two
canonical connections on E referred to as Bismut connections. These connections in turn
have natural “Ricci tensors” R interpreted as elements of so(E) (see §2.4 for the precise
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definitions). In analogy with the usual Ricci flow equation, one is lead ([11]) to define the
generalized Ricci flow equation
∂
∂t
G = −2[R,G]. (1.3)
Moreover, one can hope that this geometrically motivated construction involving data (g, b)
leads to the same flow equations (1.1) derived from physical considerations. Gualtieri has
shown that this is the case, and we present a proof of this fact here.
Theorem 1.1. ([11]) Let (E, pi, [·, ·]) be an exact real Courant algebroid over a smooth man-
ifold M . A one-parameter family of generalized metrics Gt is a solution of generalized Ricci
flow if and only if the one parameter family of induced pairs (gt, bt) of metrics and torsion
potentials solve the B-field renormalization group flow.
The second main purpose of this paper is to exhibit the relationship between equation
(1.2) and T-duality. T-duality is an equivalence between different quantum field theories
which have very different classical descriptions. This phenomena was first discovered in
1987 by Buscher [4], [5], and was further explored by Roc˘ek and Verlinde in [20]. More
recently Cavalcanti and Gualtieri [7] gave a unified description of the T-duality relationship
for all structures in generalized geometry, and in particular for generalized Ka¨hler structure.
Due to the role the renormalization group flow (1.1) plays in the theory of nonlinear sigma
models, physically motivated arguments suggest that T-duality of pairs of metrics and flux
potentials (g, b) should be preserved. In particular, Haagensen [14] addresses this question
using some explicit coordinate calculations and some physical arguments. The next theorem
gives a completely rigorous treatment of this idea from a purely geometric point of view,
which moreover makes clear the change in dilaton which occurs.
Theorem 1.2. Suppose (Mn, H, θ) and (M,H, θ) are topologically T-dual circle bundles
(cf. Definition 4.1). Given (g, b) an S1-invariant pair of metric and two-form, and ft a one-
parameter family of S1-invariant functions, let (gt, bt) be the unique solution to (1.2) with
this initial condition. Let (gt, bt) denote the one-parameter family of T-dual pairs to (gt, bt).
Then (gt, bt) is the unique solution to (1.2) with initial condition (g, b) with f t = ft+ log φt,
where φt = gt(eθ, eθ) is the function determining the length of the circle fiber on M at each
time t.
Remark 1.3. This theorem holds for arbitrary T-dual torus bundles by taking repeated
application of S1 dualities, so for simplicity we give the proof in the case of circle bundles.
While Theorem 1.2 completely captures the relationship of T -duality to the renormal-
ization group flow of general pairs (g, b), a number of questions still remain. For instance,
through the work of the author and Tian ([21], [22], [23]) it was discovered that, after cou-
pling to appropriate evolution equations for the complex structures, equation (1.1) preserves
generalized Ka¨hler geometry. One can ask whether the T -duality relationship for these com-
plex structures is preserved, which certainly seems likely. Moreover, we remark here that
Theorem 1.2 may play a role in the singularity analysis of equation (1.1). For instance,
rescaling limits of solutions to (1.1) may either converge or collapse depending on an appro-
priate injectivity radius estimate. In the collapsing case these solutions inherit the geometry
of an invariant metric on a principal torus bundle. Thus Theorem 1.2 provides a “dual”
model for such singularities.
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Here is an outline of the rest of the paper. In §2 we recall some background on the
fundamental constructions of generalized geometry. In §3 we compute variational equations
for generalized metrics and prove Theorem 1.1. Next in §4 we recall some results related to
topological T-duality and in §5 we recall T-duality transformations of geometric structures.
Lastly in §6 we prove Theorem 1.2 and give a number of examples illustrating the theorem.
Acknowledgements: The author thanks Mark Stern for introducing him to equation
(1.1) and for interesting and helpful conversations on T -duality. Furthermore, the author
thanks Marco Gualtieri, who played a significant role in the development of this work by
informing the author of Theorem 1.1, and answering many questions related to T-duality.
2. Background on generalized geometry
2.1. Courant algebroids. Let E be an exact Courant algebroid, with extension
0 −→ T ∗
π∗
−→ E
π
−→ T −→ 0
and with neutral metric 〈·, ·〉. Throughout, we identify E with E∗, using this metric. The
Courant bracket is [·, ·], and upon choosing an isotropic splitting s : T → E of pi, we obtain
a closed 3-form
Hs(X, Y, Z) = 〈[sX, sY ], sZ〉. (2.1)
Any 2-form b ∈ Ω2(M,R) defines a Lie algebra element bπ : E→ E via
bπ = pi∗bpi. (2.2)
Exponentiating, we obtain the orthogonal map
eb = idE+b
π ∈ SO(E),
which satisfies pieb = pi. Therefore, given a splitting s of pi, it follows that ebs is a new
splitting, and then one computes that
Hebs = Hs + db. (2.3)
2.2. Generalized metrics.
Definition 2.1. Given E an exact Courant algebroid, a generalized metric is an endomor-
phism G : E → E satisfying
(1) G2 = Id
(2) G∗ = G
(3) 〈G·, ·〉 is positive definite.
This definition can also be expressed in terms of subbundles of E. In particular, note that
the choice of a maximal positive-definite subbundle V+ ⊂ E defines a reduction in structure
group from O(n, n) to O(n)× O(n). The orthogonal complement V− ⊂ E of the bundle V+
is then negative-definite, and we obtain a direct sum decomposition
E = V+ ⊕ V−.
From this point of view, if we let P± denote the neutral orthogonal projections to V±, we
recover the metric by
G = P+ − P−.
Conversely, given G a generalized metric, we obtain projection operators
P± =
1
2
(Id±G).
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A generalized metric induces various classical objects. First, we obtain a usual Riemannian
metric, thought of as a map g−1 : T ∗ → T , via
g−1 = piGpi∗.
It also defines a splitting sG : T → E of the Courant algebroid, given by
sG = Gpi
∗g. (2.4)
Notice that pisG = piGpi
∗g = idT . With a choice of background splitting s0, this defines a
torsion potential b via
sG = e
bs0
This in turn defines a closed three-form via (2.3), denoted HG.
Conversely, we can use a metric g and an isotropic splitting s to induce a generalized
metric on E. Specifically, observe the consequences of the above equations,
Gpi∗ = sGg
−1, GsG = pi
∗g. (2.5)
Given s and g, these equations can be taken as the definition of the endomorphism G on
the image of pi∗ and s, which suffices to define G.
2.3. Lie algebra. Consider the decomposition E = V+ ⊕ V− defined by G as above. We
can decompose R ∈ so(E) as
R = (P+ + P−)R(P+ + P−) = R+ +R− + S+ + S−,
where R± = P±RP± ∈ so(V±) and S± = P∓RP± : V± → V∓, and the latter are equivalent
data via
S∗± = (P∓RP±)
∗ = −P±RP∓ = −S∓,
where we implicitly identify V+ = V
∗
+ and V− = V
∗
− using the neutral metric. Since all gen-
eralized metrics are related by a neutral orthogonal transformation, it is natural to interpret
an infinitesimal change in G is given by an element of the form S+.
Now fix h ∈ Sym2 T ∗ and k ∈ Λ2T ∗. We interpret h + k as a map T → T ∗, and then
we can define a transformation η = pi∗(h + k)pi : E → E. Observe that η /∈ so(E), because
η∗ = pi∗(h − k)pi does not coincide with −η = pi∗(−h − k)pi unless h = 0. Nevertheless, η
does determine a Lie algebra element by setting
S+ = P−ηP+.
This forces S− = −S
∗
+ = −P+η
∗P−, and we obtain a Lie algebra element
R = P−ηP+ − P+η
∗P−.
This discussion is summarized in the following proposition.
Proposition 2.2. Let h ∈ Sym2 T ∗, k ∈ ∧2T ∗. These data determine a Lie algebra element
Rh,k = P−ηP+ − P+η
∗P− ∈ so(E), (2.6)
where η = pi∗(h + k)pi.
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2.4. Bismut Connections. A generalized metric naturally determines two connections on
T , called Bismut connections. In particular, let s± = (G ± Id)pi
∗g, let X± := s±X , and
consider
∇±XY = piP±[X
∓, Y ±]. (2.7)
These connections have torsion T± such that
g(T±(X, Y ), Z) = ±H(X, Y, Z),
and if ∇ denotes the Levi-Civita connection, we have
∇± = ∇± 1
2
g−1H,
where g−1H denotes the composition
T
H
−→ Hom(T, T ∗)
g−1
−→ End(T ).
Since the connections ∇± have torsion, the Ricci tensor is no longer symmetric. A direct
calculation yields
Lemma 2.3. Let (Mn, g) be a Riemannian manifold and let ∇± = ∇ ± 1
2
g−1H as above.
Then
Ric(∇±) = Ric(∇)− 1
4
H2 ∓ 1
2
d∗H. (2.8)
where
H2(X, Y ) = 〈iXH, iYH〉 .
We can use the symmetric and skew symmetric pieces of this Ricci tensor to define a Lie
algebra element in accordance with Proposition 2.2.
Definition 2.4. Given E an exact Courant algebroid and G a generalized metric, the gen-
eralized Ricci tensor, R, is the Lie algebra element associated to Rc(∇−) via Proposition
2.2.
3. Generalized Ricci flow
3.1. Variational Formulas. In this subsection we compute variation formulas for one-
parameter families of generalized metrics and the various associated data.
Definition 3.1. Let (E, pi, q, [·, ·]) be an exact real Courant algebroid over a smooth manifold
M . Given h + k ∈ T ∗ ⊗ T ∗, let V denote the Lie algebra element associated to h + k via
Proposition 2.2. We say a one-parameter family of sections At ∈ End(E) has variation V if
∂
∂t
A
∣∣∣∣
t=0
= [V,A].
Remark 3.2. We observe that, by using the section sG to provide an isomorphism E ∼=
T ⊕ T ∗, V can be written in matrix form as
V = 1
2
(
−g−1h −g−1kg−1
k hg−1
)
. (3.1)
This form of V will make the calculations to follow more transparent.
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Lemma 3.3. Let (E, pi, q, [·, ·]) be an exact real Courant algebroid over a smooth manifoldM .
Suppose Gt is a one-parameter family of generalized metrics with variation V and G0 = G.
Let gt, sGt denote the associated Riemannian metrics and splittings as above. Moreover,
assume a background section s0 and define a family of torsion potentials bt via sGt = e
bts0.
Then
∂
∂t
g
∣∣
t=0
= h,
∂
∂t
sG
∣∣
t=0
= pi∗k
∂
∂t
b
∣∣
t=0
= k,
Proof. First note that
[V,G] =
(
−g−1k −g−1hg−1
h kg−1
)
.
We derive the evolution equation for g. Differentiating the defining relation g−1 = piGpi∗
yields
−g−1 ∂
∂t
gg−1 = ∂
∂t
g−1
= pi[V,G]pi∗
= pi
(
−g−1k −g−1hg−1
h kg−1
)
pi∗
= − g−1hg−1.
The first claim follows. Next we differentiate the equation sG = Gpi
∗g to obtain
∂
∂t
sG = [V,G]pi
∗g +Gpi∗h =
(
−g−1k −g−1hg−1
h kg−1
)(
0 0
g 0
)
+
(
0 g−1
g 0
)(
0 0
h 0
)
=
(
0 0
k 0
)
.
The second claim follows. Noting the equation sG = e
bs0 = s0 + pi
∗bpis0, one derives
pi∗ ∂
∂t
b = pi∗k, and so ∂
∂t
b = k. The last claim follows. 
Having determined how a variation in generalized metric induces variations of other rele-
vant quantities we now go backwards and determine the evolution equation for G induced
by an evolution equation for g and s.
Definition 3.4. Let (E, pi, [·, ·]) be an exact real Courant algebroid over M . We say that
a one parameter family (gt, st) of metrics on M and isotropic splittings of E has variation
(h, k) if
∂
∂t
g
∣∣∣∣
t=0
= h.
∂
∂t
s
∣∣∣∣
t=0
= pi∗k,
where h ∈ Sym2(T ∗M) and k ∈ Λ2T ∗.
Lemma 3.5. Let (E, pi, [·, ·]) be an exact real Courant algebroid over M . Fix (gt, st) a one-
parameter family of metrics on M and splittings with variation (h, k), and let Gt denote the
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one-parameter family of generalized metrics associated to this data via (2.5). Then
∂
∂t
G
∣∣∣∣
t=0
= [V,G]
where V is the Lie algebra element associated to h+ k as in (3.1).
Proof. Express the splitting st = e
bts0 = e
btsG0, and then b0 = 0. Then for general t we have
the equation
Gg,b =
(
−g−1b g−1
g − bg−1b bg−1
)
.
We can directly differentiate, using b0 = 0 to yield the result. 
3.2. Generalized Ricci flow.
Definition 3.6. Let (E, pi, [·, ·]) be an exact real Courant algebroid over a smooth manifold
M . We say that a one-parameter family of generalized metrics Gt is a solution of generalized
Ricci flow if
∂
∂t
G = [−2R,G], (3.2)
where R is the generalized Ricci curvature of G as in Definition 2.4
Proof of Theorem 1.1. It follows directly from Lemma 3.3 that the evolution equations for
the induced pair (gt, bt) are precisely those of (1.1), as required. Conversely, suppose (gt, bt)
are a solution to (1.1). It follows from Lemma 3.5 that the associated generalized metrics
Gt evolve by
∂
∂t
G = [V,G],
where V is the Lie algebra element associated to ∂
∂t
(g + b). Comparing with Lemma 2.3
again we see that Vt = −2Rt as defined above, and so the theorem follows. 
4. Topological T-duality
In this section we recall some background on the topological aspect of T-duality. Our
discussion here follows closely the work of Cavalcanti-Gualtieri [7].
Definition 4.1. Let M , M be principal T k bundles over a common base manifold B, and
let H ∈ Ω3
T k
(M) and H ∈ Ω3
T k
(M) be invariant closed forms, and finally let θ and θ denote
connection 1-forms on M and M . Consider M ×B M the fiber product of M and M , with
projection maps p : M ×BM → M, p : M ×BM →M . We say that (M,H, θ) and (M,H, θ)
are topologically T -dual if
p∗H − p∗H = d(p∗θ ∧ p∗θ). (4.1)
Remark 4.2. While as written this definition requires specific choices of H and H, the
definition only depends on the cohomology classes [H ] and [H ]. Specifically, if (M,H, θ)
and (M,H, θ) are T -dual, and we set H ′ = H + db, with b ∈ Ω2
T k
(M), there exists a new
connection θ′ on M and also H
′
, θ
′
on M such that for the quadruple (H ′, θ′, H
′
, θ
′
) the
relation (4.1) holds. In particular, as a corollary of Lemma 5.7 we may choose any S1-
invariant metric g whose induced connection 1-form is θ and then take the T-dual data to
(g, b) provides the requisite data.
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Theorem 4.3. ([2] Theorem 3.1) If (M,H) and (M,H) are T -dual with p∗H − p∗H = dF ,
then
τ : (ΩT k(M), dH)→ (ΩT k(M), dH), τ(ρ) =
∫
T k
eF ∧ ρ (4.2)
is an isomorphism of differential complexes, where the integration is along the fibers of M×B
M → M .
Remark 4.4. The map τ is a map on the Clifford module of T k-invariant forms. To
show that it is an isomorphism of Clifford modules we require an isomorphism φ : (TM ⊕
T ∗M)/T k → (TM ⊕ T ∗M)/T k, which we define next.
Definition 4.5. Given (X + ξ) ∈ (TM ⊕ T ∗M)/T k, choose the unique lift Xˆ of X to
T (M ×M) such that
p∗ξ(Y )− F (Xˆ, Y ) = 0, for all Y ∈ tkM
Due to this condition the form p∗ξ − F (Xˆ, ·) is basic for the bundle determined by p, and
can therefore be pushed forward to M . We define a map
φ(X + ξ) = p∗(Xˆ) + p
∗ξ − F (Xˆ, ·).
Lemma 4.6. The map φ defined above depends only on [H ] and [H].
Proof. Following the discussion in Remark 4.2, if H ′ = H + dB then
p∗H ′ − p∗H = d(F + p∗B) =: dF ′
Moreover, the action of p∗B on tkM ⊗ t
k
M
is trivial. Hence when lifting vectors to the con-
figuration space as in Definition 4.5, using either F or F ′ yields the same result, and so the
lemma follows. 
5. Geometric T-duality
In this section we present the notion of T -duality for generalized metrics. We take as
background data topologically T-dual S1-bundles (M,H, θ) and (M,H, θ). The metric data
then consists of an S1-invariant metric g on M and an S1-invariant two-form b on M . In [4],
[5] Buscher discovered a way to transform this data, as well as an auxiliary dilaton, to the
manifold M in such a way that fixed points of (1.1) on M are transformed into fixed points
of (1.2) with a particular choice of ft on M t. The content of Theorem 1.2 is to show that
this behavior persists for general solutions of (1.1).
5.1. Duality of geometric structures.
Definition 5.1. Let (M,H, θ) and (M,H, θ) be T-dual. Given G a generalized metric on
(TM ⊕ T ∗M)/T k, the dual metric is
G := φGφ−1 (5.1)
Remark 5.2. The simplicity of this definition illustrates the value of adopting the viewpoint
of Courant algebroids. Indeed, using the map φ it is possible to easily define T-duality
transformations for other natural objects such as generalized complex structures. By working
out the induced map on (g, b) one recovers the famous “Buscher rules,” [4], [5], which we
now record.
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Given (M,H, θ) and (M,H, θ) T-dual bundles with connections θ and θ, recall that an
S1-invariant generalized metric G is determined by an S1 invariant pair (g, b) of metric and
two-form potential on M , which can be expressed as
g = g0θ ⊙ θ + g1 ⊙ θ + g2
b = b1 ∧ θ + b2
(5.2)
where gi and bi are basic forms of degree i.
Lemma 5.3. (Buscher Rules) Suppose (M,H, θ) and (M,H, θ) are topologically T-dual.
Given G an S1-invariant generalized metric on TM ⊕ T ∗M and G = φGφ−1 the dual
metric on TM ⊕T ∗M , if the pair (g, b) associated to G is given by (5.2), then the pair (g, b)
determined by G takes the form
g =
1
g0
θ ⊙ θ −
b1
g0
⊙ θ + g2 +
b1 ⊙ b1 − g1 ⊙ g1
g0
b = −
g1
g0
∧ θ + b2 +
g1 ∧ b1
g0
.
(5.3)
For the calculations to come later, it will be fruitful to give yet another version of the
T-duality relationship explicitly in terms of the canonical decomposition of an S1-invariant
pair (g, b) on a principal bundle which we now record.
Lemma 5.4. A S1-invariant metric on a principal bundle with canonical vector field eθ is
uniquely determined by a base metric, a family of fiber metrics, and a connection. More
precisely, g may be uniquely expressed
g = φθ ⊗ θ + h
where
φ = g(eθ, eθ)
θ =
g(eθ, ·)
g(eθ, eθ)
h(·, ·) = g(piθ·, piθ·),
and here piθ is the horizontal projection determined by θ, i.e.
piθ(X) = X − θ(X)eθ.
Lemma 5.5. Let M denote the total space of an S1 principal bundle. Given θ a connection
on M , an S1 invariant two-form b admits a unique decomposition
b = θ ∧ η + µ
where η and µ are basic forms.
Proof. Let η = eθ b. Obviously η(eθ) = 0 and so η is basic. We may then declare
µ = b− θ ∧ η
Observe that
eθ µ = eθ b− eθ (θ ∧ η) = η − η = 0,
so that µ is basic as well. 
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Proposition 5.6. Let (M,H, θ) and (M,H, θ) be topologically T-dual, and suppose (g, b)
is dual to (g, b). Let θg, φg, hg denote the connection 1-form, fiber metric, and base metric
determined by g via Lemma 5.4. Furthermore, let ηg and µg denote the basic 1-form and
2-form associated to b and θg via Lemma 5.5. Then if θg, etc. denote the corresponding data
associated to g, one has
φg =
1
φg
θg = θ + ηg
hg = hg
ηg = θg − θ
µg = µg − ηg ∧ ηg.
Proof. First we compute
θg = θ +
g1
g0
.
Then we obtain
ηg = eθ b = − b1.
Then we may express
µg = b− θg ∧ ηg
= b1 ∧ θ −
(
θ +
g1
g0
)
∧ (−b1) + b2
= b2 +
g1
g0
∧ b1.
Furthermore we obtain
θg = θ − b1 = θ + ηg
Then, according to the Buscher rules,
ηg = eθ b
=
g1
g0
= θg − θ.
Then we obtain
µg = b− θg ∧ ηg
= −
g1
g0
∧ θ + b2 +
g1 ∧ b1
g0
−
(
θ + ηg
)
∧ (θg − θ)
= (θ − b1) ∧
g1
g0
+ b2 − θg ∧ (
g1
g0
)
= b2
= µg −
g1
g0
∧ b1
= µg − ηg ∧ ηg.
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
Lemma 5.7. Let (M,H, θ) and (M,H, θ) be topologically T-dual, and suppose (g, b) is dual
to (g, b). Then (4.1) holds for the quadruple (Hb, θg, Hb, θg).
Proof. We directly compute (suppressing the presence of p∗ and p∗) using Proposition 5.6
that
Hb −Hb = H + db−H − db
= H −H + d (θg ∧ ηg + µg)− d
(
θg ∧ ηg + µg
)
= d
(
θ ∧ θ + θg ∧ ηg − θg ∧ ηg + ηg ∧ ηg
)
= d(θg ∧ θg).

Lemma 5.8. Given (g, b) and (g, b) T-dual data, if we declare θg and θg to be the background
connections, which is valid by Lemma 5.7, then the pair (g, 0) and (g, 0) is T -dual with respect
to this background.
Proof. This follows immediately from Proposition 5.6. 
Lemma 5.9. If θ denotes a choice of connection, given H an S1-invariant three-form, H
admits a unique decomposition
H = θ ∧ Y + Z
where Y and Z are basic forms.
Proof. Following the proof of Lemma 5.5 we let Y = eθ H and Z = H − θ ∧ Y and this is
the required decomposition. 
Next we relate the three-form decomposition of Lemma 5.9 for T -dual structures.
Lemma 5.10. Let (M, g, b) and (M, g, b) be T-dual data. Then
Z = Z, Y = −F θ, Y = −Fθ.
Proof. Let e˜θ denote the vector field defining the action of S
1 coming from the bundle M
induced on the fiber product M ×S1 M . Likewise define e˜θ. We compute
pi∗Y = pi∗ (eθ H)
= e˜θ pi
∗H
= e˜θ
(
pi∗H + d(θg ∧ θg)
)
= e˜θ
(
Fθ ∧ θg − θg ∧ F θ
)
= − F θ.
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The calculation of pi∗Y is identical. Finally we have
pi∗Z = pi∗ (H − θ ∧ Y )
= pi∗H + d
(
θg ∧ θg
)
+ θg ∧ F θ.
= pi∗H + Fg ∧ θg
= pi∗H + θg ∧ Fθ
= pi∗H − θ ∧ Y
= pi∗Z.

6. Proof of Theorem 1.2
Remark 6.1. (Notational Conventions) Given an S1-invariant metric as in Lemma 5.4,
∇ will always denote the covariant derivative with respect to the base metric h, whereas
the covariant derivative with respect to g will be denoted D and will be given bars when
necessary.
6.1. Curvature Calculations. In this subsection we record a number of curvature calcu-
lations necessary for the proof of Theorem 1.2. To set up the calculations, we first choose
coordinates at some point p ∈ B corresponding to normal coordinates for h, the base metric.
In such a local chart we can express the connection canonically as θ = dy + Aidx
i. Then
over any point in pi−1p we choose a local frame field
ei :=
∂
∂xi
− Ai
∂
∂y
.
One directly obtains that ei θ = 0 for all i. Moreover, observe that
[ei, ej ] =
(
Aθi,j − A
θ
j,i
) ∂
∂y
= −Fij
∂
∂y
, [ei,
∂
∂y
] = 0,
where F denotes the curvature of A. Also, note that
g(ei, ej) = h
(
∂
∂xi
,
∂
∂xj
)
.
Lemma 6.2. With the setup above one has
Rij =
hRij −
φ
2
Fg −
1
2φ
∇i∇jφ+
1
4φ2
∇iφ∇jφ,
Riθ =
φ
2
d∗hFi −
3
4
(∇φ F )i ,
Rθθ = −
1
2
∆φ +
1
4φ
|∇φ|2 +
φ2
4
|F |2 .
(6.1)
Proof. The proof is a straightforward calculation we include for convenience. First we com-
pute the Christoffel symbols. Note
Γkij =
hΓkij, Γ
θ
ij = −
1
2
Fij , Γ
k
iθ =
φ
2
hklFil = −
φ
2
hklFli,
Γkθθ = −
1
2
∇kφ, Γθiθ =
1
2φ
∇iφ, Γ
θ
θθ = 0.
(6.2)
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Observe also the general curvature formula
Rβγ = R
α
αβγ = ∂αΓ
α
βγ − ∂βΓ
α
αγ − Γ
µ
αγΓ
α
βµ + Γ
µ
βγΓ
α
αµ − C
µ
αβΓ
α
µγ .
Using these we may compute
Rij = eαΓ
α
ij − eiΓ
α
αj − Γ
µ
αjΓ
α
iµ + Γ
µ
ijΓ
α
αµ − C
µ
αiΓ
α
µj
= hRij − eiΓ
θ
θj − Γ
θ
θjΓ
θ
iθ − Γ
θ
kjΓ
k
iθ − Γ
k
θjΓ
θ
ik
+ ΓθijΓ
k
kθ − C
θ
kiΓ
k
θj − C
k
θiΓ
θ
kj
= hRij −
φ
2
Fg −∇i
(
1
2φ
∇jφ
)
−
1
4φ2
∇iφ∇jφ
= hRij −
φ
2
Fg −
1
2φ
∇i∇jφ+
1
4φ2
∇iφ∇jφ.
Next we have
Rθi = eαΓ
α
θi − eθΓ
α
αi − Γ
µ
αiΓ
α
θµ + Γ
µ
θiΓ
α
αµ − C
µ
αθΓ
α
µi
= ejΓ
j
θi − Γ
j
θiΓ
θ
θj − Γ
θ
jiΓ
j
θθ + Γ
θ
θiΓ
j
jθ + Γ
j
θiΓ
θ
θj
= ej
(
−
φ
2
hjlFli
)
−
(
−
φ
2
hjlFli
)(
1
2φ
∇jφ
)
−
(
−
1
2
Fji
)(
−
1
2
∇jφ
)
+
(
1
2φ
∇iφ
)(
−
φ
2
hjlFlj
)
+
(
−
φ
2
hjlFli
)(
1
2φ
∇jφ
)
=
φ
2
d∗hFi −
3
4
(∇φ F )i .
Lastly we have
Rθθ = ∂iΓ
i
θθ − Γ
µ
αθΓ
α
µθ + Γ
µ
θθΓ
α
µα
= −
1
2
∂i∇
iφ− ΓiθθΓ
θ
iθ − Γ
θ
iθΓ
i
θθ − Γ
j
iθΓ
i
jθ + Γ
i
θθΓ
θ
iθ
= −
1
2
∆φ+
1
4φ
|∇φ|2 +
φ2
4
|F |2h .

Lemma 6.3. Let (Mn, g, H) be S1-invariant data. Then
Hij =
2
φ
Yij + Zij ,
Hiθ = 〈ei Z, Y 〉,
Hθθ = |Y |
2 .
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Proof. Using Lemma 5.9 we have
Hij = g
αβgγδHiαγHjβδ
=
1
φ
hklHiθkHjθk +
1
φ
hklHikθHjlθ + h
klhmnHikmHjln
=
2
φ
hklYikYjl + h
klhmnZikmZjln
=
2
φ
Yij + Zij .
Again by Lemma 5.9,
Hiθ = 〈ei H, eθ H〉
= 〈ei (θ ∧ Y + Z) , eθ (θ ∧ Y + Z)〉
= 〈θ ∧ (ei Y ) + ei Z, Y 〉
= 〈ei Z, Y 〉,
where the last line follows since θ is g-orthogonal to basic forms. Lastly, using Lemma 5.9
we obtain
Hθθ = 〈eθ H, eθ H〉 = |Y |
2 .

Lemma 6.4. Let (Mn, g, H) be S1-invariant data. Then
(d∗gH)iθ = d
∗
hYi −
φ
2
〈ei Z, F 〉+
1
2φ
(∇φ Y )i
(d∗gH)ij = (d
∗
hZ)ij −
1
2φ
(∇φ Z)ij .
Proof. First (
d∗gH
)
ij
= − gαβDαHβij
= − gαβ
(
∂αHβij − Γ
µ
αβHµij − Γ
µ
αiHβµj − Γ
µ
αjHβiµ
)
= (d∗hZ)ij +
1
φ
ΓkθθZkij + h
klΓθkiHlθj +
1
φ
ΓkθiHθkj
+
1
φ
ΓkθjHθik + h
klΓθkjHliθ
= (d∗hZ)ij −
1
2φ
(∇φ Z)ij .
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Second
(
d∗gH
)
iθ
= − gαβDα(Hg)βiθ
= − gαβ
(
eαHβiθ − Γ
µ
αβHµiθ − Γ
µ
αiHβµθ − Γ
µ
αθHβiµ
)
= − hklDkHliθ +
1
φ
ΓjθθHjiθ +
1
φ
ΓkθθHθik + h
klΓmkθHlim + h
klΓθkθHliθ
= d∗hYi + h
kl
(
−
φ
2
hmnFnk
)
(Zlim) + h
kl
(
1
2φ
∇kφ
)
(Yli)
= d∗hYi −
φ
2
〈ei Z, F 〉+
1
2φ
(∇φ Y )i .

Lemma 6.5. Let (Mn, g, H) be S1-invariant data, and let α ∈ T ∗M be basic and S1-
invariant. Then
DiDjf = ∇i∇jf, DθDif = DiDθf =
(
1
2
∇f ♯ F
)
i
, DθDθf =
1
2
〈∇φ,∇f〉h .
Proof. This follows directly from the the general calculation
DIαJ = eIαJ − Γ
K
IJαK .
and the calculation of the Christoffel symbols in (6.2). 
Lemma 6.6. Let (Mn, g, H) be S1-invariant data, and let f ∈ C∞(M) be S1-invariant.
Then
(Df H)iθ = (∇f Y )i ,
(Df H)ij = (∇f Z)ij .
Proof. This follows immediately from Lemma 5.9. 
6.2. Variational Calculations.
Lemma 6.7. Let (gt, bt) be a one-parameter family of S
1-invariant data such that
∂
∂t
gt
∣∣∣∣
t=0
= k
∂
∂t
bt
∣∣∣∣
|t=0
= c.
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Let θt, ht, etc. denote the unique data determining gt and bt determined by Lemmas 5.4 and
5.5 respectively. Then
∂
∂t
φt
∣∣∣∣
t=0
= k (eθ, eθ)
∂
∂t
θt
∣∣∣∣
t=0
=
k(eθ, piH ·)
φ
∂
∂t
ht
∣∣∣∣
t=0
= k(piH ·, piH·)
∂
∂t
ηt
∣∣∣∣
t=0
= eθ c.
∂
∂t
µt
∣∣∣∣
t=0
= c−
k(eθ, piH ·)
φ
∧ η − θ ∧ (eθ c)
Proof. First, using the formula φt = gt(eθ, eθ), differentiating immediately yields the first
equation. Next, using Lemma 5.4 we differentiate and obtain
∂
∂t
θt
∣∣∣∣
t=0
=
k(eθ, ·)
φ
−
g(eθ, ·)k(eθ, eθ)
φ2
=
k(eθ, piH ·)
φ
.
Next we observe that ht = gt(piHt ·, piHt ·), and so
∂
∂t
ht
∣∣∣∣
t=0
= k(piH ·, piH ·)− g
((
θ˙·
)
eθ, piH ·
)
− g
(
piH ·,
(
θ˙·
)
eθ
)
= k(piH ·, piH ·),
where the last line follows since eθ is g-orthogonal to the image of piH . Next, by definition,
ηt = eθ bt. Differentiating this we immediately obtain
∂
∂t
ηt
∣∣∣∣
t=0
= eθ
(
∂
∂t
bt
∣∣∣∣
t=0
)
= eθ c.
Lastly, we use the formula defining µ we obtain
∂
∂t
µt
∣∣∣∣
t=0
=
∂
∂t
(bt − θt ∧ ηt)
∣∣∣∣
t=0
= c−
k(eθ, piH ·)
φ
∧ η − θ ∧ (eθ c) .

Lemma 6.8. Let (gt, bt) be a one-parameter family of S
1-invariant data such that
∂
∂t
gt
∣∣∣∣
t=0
= k
∂
∂t
bt
∣∣∣∣
|t=0
= c.
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Let θt, ht, etc. denote the unique data determining gt and bt determined by Lemmas 5.4 and
5.5 respectively, and likewise define θt, etc. Then
∂
∂t
φt
∣∣∣∣
t=0
= −
k(eθ, eθ)
φ2
∂
∂t
θt
∣∣∣∣
t=0
= eθ c
∂
∂t
ht
∣∣∣∣
t=0
= k(piH ·, piH ·)
∂
∂t
ηt
∣∣∣∣
t=0
=
k(eθ, piH ·)
φ
∂
∂t
µt
∣∣∣∣
t=0
= c− (θ − η) ∧ (eθ c) .
Proof. We use the formulas of Proposition 5.6 and Lemma 6.7 to conclude
∂
∂t
φt
∣∣∣∣
t=0
=
∂
∂t
1
φt
∣∣∣∣
t=0
= −
1
φ2
∂
∂t
φt
∣∣∣∣
t=0
= −
k(eθ, eθ)
φ2
.
Next we compute
∂
∂t
θt
∣∣∣∣
t=0
=
∂
∂t
(
θ + ηt
)∣∣∣∣
t=0
=
∂
∂t
ηt
∣∣∣∣
t=0
= eθ c.
Since ht = ht the third equation follows immediately. For the fourth we compute
∂
∂t
ηt
∣∣∣∣
t=0
=
∂
∂t
(θt − θ)
∣∣∣∣
t=0
=
∂
∂t
θt
∣∣∣∣
t=0
=
k(eθ, piH ·)
φ
.
Lastly we compute
∂
∂t
µt
∣∣∣∣
t=0
=
∂
∂t
(µt − ηt ∧ ηt)
∣∣∣∣
t=0
= c−
k(eθ, piH ·)
φ
∧ η − θ ∧ (eθ c)−
∂
∂t
(ηt ∧ ηt)
∣∣∣∣
t=0
= c−
k(eθ, piH ·)
φ
∧ η − θ ∧ (eθ c)
− (eθ c) ∧ η − η ∧
k(eθ, piH ·)
φ
= c− (θ − η) ∧ (eθ c) .

6.3. Preservation of T duality under the B-field flow.
Proof of Theorem 1.2. For the proof we will let (gt, bt) be the solution to (1.1) with initial
condition (g, b). Now for all t such that this flow exists smoothly, let (gt, bt) denote the
generalized metric which is dual to (gt, bt). We aim to show that this one parameter family
(gt, bt) is a solution to (1.2) with f t = ft + log φt, which will finish the proof.
To show that (gt, bt) is the required solution to (1.2) we will use the decomposition of
the data into (φ, θ, g, η, µ) given by Lemmas 5.4 and 5.5 and compute the evolution of
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each component. In particular let (φt, θt, ht, ηt, µt) denote the decomposed data associated
to (gt, bt), and likewise let (φt, θt, ht, ηt, µt) denote the decomposed data associated to the
dualized metric (gt, bt) according to Proposition 5.6. We will compute evolution equations
for φt etc. and show that this agrees with the evolution induced by the B-field flow for the
transformed data. We proceed with these five calculations.
6.3.1. Evolution of φ. First observe that by Lemma 6.7 and the curvature calculations of
Lemmas 6.2 and 6.3 and Lemma 6.5 we have that
∂φ
∂t
= ∆φ−
1
2φ
|∇φ|2 −
φ2
2
|F |2 +
1
2
|YH |
2 + 〈∇φ,∇f〉
By Lemma 6.8 we thus obtain
∂
∂t
φ = −
1
φ2
(
∆φ −
1
2φ
|∇φ|2 −
φ2
2
|F |2h +
1
2
|YH |
2 + 〈∇φ,∇f〉
)
= ∆
(
1
φ
)
− 2
|∇φ|2
φ3
+
1
2φ3
|∇φ|2 +
1
2
|F |2h −
1
2φ2
|YH |
2 −
1
φ2
〈∇φ,∇f〉
=
(
∆φ−
1
2φ
∣∣∇φ∣∣2 + 1
2
|F |2h −
1
2φ2
|YH |
2
)
−
|∇φ|2
φ3
+
〈
∇φ,∇f
〉
Also we observe that, by Lemma 5.10,
|F |2h −
1
φ2
|YH |
2 =
∣∣Y H∣∣2h − φ2 ∣∣F ∣∣2h .
Also, by Lemma 6.5 we have
2DθDθ log φ =
〈
∇φ,∇ logφ
〉
h
= −
|∇φ|2h
φ3
.
Combining these calculations and again comparing against Lemmas 6.2 and 6.3 we obtain
∂
∂t
φ =
(
−2Rc +
1
2
H + 2D
2
(f + log φ)
)
θθ
=
(
−2Rc +
1
2
H + LD(f+log φ)g
)
θθ
as required.
6.3.2. Evolution of θ. First observe that by Lemma 6.8 and 6.4 we have that(
∂
∂t
θ
)
i
=
(
eθ (−d
∗
gHg + iDf H)
)
i
=
(
d∗gH
)
iθ
− (∇f Y )i
= d∗hYi −
φ
2
〈ei Z, F 〉+
1
2φ
(∇φ Y )i − (∇f Y )i
= − d∗hF i −
φ
2
〈ei Z, F 〉 −
1
2φ
(∇φ F )i + (∇f F )i
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But on the other hand by Lemmas 6.2, 6.3 and 6.5
−2
φ
(
Rc−
1
4
H−
1
2
LD(f+log φ)g
)
iθ
=
−2
φ
(
Rc−
1
4
H−D
2
(f + logφ)
)
iθ
= − d∗hF i +
3
2φ
(
∇φ F
)
i
+
1
2φ
〈ei ZH , YH〉+
(
∇(f + logφ) F
)
i
= − d∗hF i −
φ
2
〈ei ZH , F 〉 −
1
2φ
(
∇φ F
)
i
+ (∇f F )i.
Combining these two calculations and using Lemma 6.7 again yields the result.
6.3.3. Evolution of h. First observe that by Lemma 6.8 and the curvature calculations of
Lemmas 6.2 and 6.3 we have that
∂
∂t
hij =
∂
∂t
hij = − 2
(
hRc−
φ
2
F −
1
2φ
∇∇φ+
1
4φ2
∇φ⊗∇φ−
1
4
H−
1
2
LDfg
)
ij
First observe that since h = h, we have hRc = hRc. Next, using Lemma 6.3 we observe
that (
−
φ
2
F −
1
4
H
)
ij
=
(
−
φ
2
F −
1
4
(
2
φ
F + Z
))
ij
=
(
−
φ
2
F −
1
4
(
2
φ
F + Z
))
ij
=
(
−
φ
2
F −
1
4
H
)
ij
.
Furthermore, a direct calculation using Lemma 6.5 yields
−
1
2φ
∇i∇jφ+
1
4φ2
∇iφ∇jφ = −
φ
2
∇i∇j
(
1
φ
)
+
1
4φ
2∇iφ∇jφ
=
φ
2
∇i
(
∇jφ
φ
2
)
+
1
4φ
2∇iφ∇jφ
=
1
2φ
∇i∇jφ−
1
φ
2∇iφ∇jφ+
1
4φ
2∇iφ∇jφ
= −
1
2φ
∇i∇jφ+
1
4φ
2∇iφ∇jφ+
(
1
φ
∇i∇jφ−
1
φ
2∇iφ∇jφ
)
= −
1
2φ
∇i∇jφ+
1
4φ
2∇iφ∇jφ+∇i∇j logφ
= −
1
2φ
∇i∇jφ+
1
4φ
2∇iφ∇jφ−DiDj logφ.
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Combining these calculations and using Lemma 6.5 again yields
∂
∂t
hij = − 2
(
hRcij −
1
2
F ij −
1
2φ
∇i∇jφ+
1
4φ
2∇iφ∇jφ−
1
4
Hij −DiDj logφ−
1
2
L∇fg
)
= − 2
(
Rc−
1
4
H−
1
2
LD(f+log φ)g
)
ij
as required.
6.3.4. Evolution of η. First observe that by Lemma 6.7, the curvature calculations of Lem-
mas 6.2 and 6.3, Lemma 6.5, and Lemma 5.10 we have that(
∂
∂t
η
)
i
=
(
∂
∂t
θ
)
i
= − d∗hFi +
3
2φ
(∇φ F )i −
1
2φ
〈ei Z, F 〉+ (∇f F )i.
On the other hand by Lemma 6.4, and 5.10 we have(
eθ −d
∗
gH
)
i
= d∗
h
Y i +
1
2φ
(
∇φ Y
)
i
−
φ
2
〈
ei Z, F
〉
= − d∗hFi +
1
2φ
(∇φ F )i −
1
2φ
〈ei Z, F 〉.
Also, by Lemma 6.6 and 5.10 we have(
eθ iD(f+log φ)H
)
i
= (∇f F )i +
1
φ
(∇φ F )i .
Collecting these calculations gives the required equality.
6.3.5. Evolution of µ. Directly calculating using Lemmas 6.4, 6.7, and 6.8 we compute(
∂
∂t
µ
)
ij
=
(
∂
∂t
µ
)
ij
=
(
−d∗gH + i∇f H
)
ij
=
(
−d∗hZ +
1
2φ
(∇φ Z) + iDf H
)
ij
=
(
−d∗hZ −
1
2φ
(
∇φ Z
)
+ iDf H
)
ij
=
(
−d∗gH −
1
φ
(
∇φ Z
)
+ iDf H
)
ij
=
(
−d∗gH +
1
φ
(
∇φ Z
)
+ iDf H
)
ij
=
(
−d∗gH + iD(f+log φ) H
)
ij

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6.4. Examples.
Example 6.9. We begin with a simple example to illustrate how T-duality affects solutions
to (1.1). Let M ∼= S3 and consider the Hopf fibration S1 → S3 → S2, and let θ denote the
connection one form on S3 satisfying dθ = ωS2, where ωS2 denotes the standard area form
on S2, and furthermore let H = 0. Next let M ∼= S2 × S1, and consider the trivial fibration
S1 → S1 × S2 → S2. Let θ denote the pullback of the canonical line element on S1 to M ,
and let H = −θ ∧ ωS2. Certainly dH = 0. Moreover, with the notation of §4, observe that
p∗H − p∗H = p∗
(
ωS2 ∧ θ
)
= dp∗θ ∧ θ = d
(
p∗θ ∧ p∗θ
)
.
Thus (M,H, θ) and (M,H, θ) are topologically T-dual. Let gS2 denote the round metric on
S2 and consider an S1-invariant metric of the form
g = Aθ ⊗ θ +BgS2 .
Observe that by applying Proposition 5.6 we obtain that (g, 0) is T-dual to (g, b) with
g =
1
A
θ ⊗ θ +BgS2,
b = 0.
(6.3)
The solution to (1.1) with initial condition (g, 0) on M is given by the Ricci flow, which
takes the form
A˙ = −
A2
B2
, B˙ = −2 +
A
B
.
Expressing the T-dual data as g = Aθ ⊗ θ + BgS2 and using (6.3) we obtain the evolution
equation for g as
A˙ =
1
B2
, B˙ = −2 +
A
B
,
which, comparing against Lemmas 6.2 and 6.3, is the solution to (1.1). Observe that M
shrinks to a round point under the flow, whereas on M the S2 shrinks to a point while the
S1 fiber blows up.
Example 6.10. More generally, we may let M ∼= S2n+1 and consider the Hopf fibration
S1 → S2n+1 → CPn, and let θ denote the connection one form on S2n+1 satisfying dθ = ωFS,
where ωFS is the Ka¨hler form of the Fubini-Study metric on CP
n, and furthermore let H = 0.
Next let M ∼= CPn × S1, and consider the trivial fibration S1 → S1 × CPn → CPn. Let
θ denote the pullback of the canonical line element on S1 to M , and let H = −θ ∧ ωS2.
As in the previous example one easily checks that (M,H, θ) and (M,H, θ) are topologically
T-dual.
Now let g0 denote any metric on S
2n+1 with positive curvature operator. Consider the
solution to (1.1) with initial condition (g0, 0). One observes that by the maximum principle
the condition H0 ≡ 0 is preserved by (1.1), and so the solution (gt, bt) = (gt, 0), where gt is
the unique solution to Ricci flow with initial condition g0. By the theorem of Bohm-Wilking
[1], we have that gt exists on some finite time interval [0, T ), and converges to a round point
as t→ T . It follows from Proposition 5.6 that the dual solution (gt, bt) also exists on a finite
time interval, asymptotically converging to a solution which homothetically shrinks the CP2
base and expands the S1 fiber, analogously to the previous example.
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Remark 6.11. Any of the Ricci flow “sphere theorems” in odd dimension (for instance [3],
[15]) can be used in the above example to generate long time existence results for (1.1).
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